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The finite affine planes that admit non-solvable rank 3 collineation groups are
completely determined.  2001 Academic Press
1. INTRODUCTION AND BACKGROUND
A finite affine plane ? is said to be a rank 3 affine plane if and only if
there is a collineation group G which acts transitively on the affine points
of ? and for an affine point 0, the stabilizer subgroup G0 has exactly three
affine point orbits, one of which is [0].
The plane is said to be a solvable or a non-solvable rank 3 affine plane
according to whether G is solvable or non-solvable.
In the later 1960s and early 1970s, fundamental work of Kallaher and
Liebler established the basic structure of rank 3 affine planes.
Theorem 1 (Kallaher [23], Liebler [30]). Let ? be a rank 3 affine
plane. Then ? is a translation plane.
In the same paper [23] Kallaher proves the following result:
Theorem 2. Let ? be a rank 3 affine plane with corresponding rank 3
group G. Then one of the following holds:
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(a) G is flag-transitive on ? and Gl acts as a rank 3 group on l for all
lines l of ?,
(b) G has exactly two orbits on l and Gl operates doubly transitive
on l for all lines l of ?.
When the case (b) of Theorem 2 occurs, then according to Kallaher
[23] ? is called a weak rank 3 affine plane.
Flag-transitive solvable rank 3 affine planes and the corresponding rank
3 groups have been completely determined by Foulser and Kallaher in
[13]. In the same paper all rank 3 groups of the Desarguesian planes are
also determined. For non-solvable flag-transitive planes, it is also possible
to provide a complete classification. The later study has been completed by
Buekenhout et al. [2, 29] who worked more generally on flag-transitive
designs. The combined results give the following:
Theorem 3 (Foulser and Kallaher [13]; Buekenhout et al. [2]; Liebeck
[29]). Let ? be a flag-transitive rank 3 affine plane with corresponding
rank 3 group G. Then one of the following holds:
(a) ? is Desarguesian and G0 is solvable,
(b) ? is a Lu neburg-Tits plane and G0 is non-solvable,
(c) ? is Hall of order 9 and G0 is solvable,
(d) ? is Desarguesian of order 9 and G0 is non-solvable.
For the Lu neburgTits planes and their collineation groups the reader
may consult [31].
The problem of classifying solvable weak rank 3 planes was essentially
solved by Kallaher [24].
Theorem 4. Let ? be a solvable weak rank 3 plane of order pr{26 or 72,
then one of the following holds:
(a) ? is Desarguesian,
(b) ? is a generalized Andre plane, ? is a nearfield plane if r is odd,
(c) ? is the irregular nearfield plane of order 52, 112, or 232,
(d) ? is a semifield plane.
Clearly, there are examples for each class. The case of semifield planes
has been completely settled.
Theorem 5 (Cordero and Figueroa [4]; Biliotti et al. [1]). Let ? be a
semifield plane of order pr{26. Then ? is a (weak) rank 3 plane if and only
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if ? is a generalized twisted field plane such that the left, middle and right
nuclei of the corresponding semifield are all equal.
The case of planes of order 26 is still open. In addition, there is not a
classification of rank 3 generalized Andre planes although there are some
results in this direction in [18]. The case of planes of order 72 can be com-
pletely settled by using the classification of the planes of order 72 [5] as
we shall see in Sction 4.
Here, we shall be interested primarily in non-solvable weak rank 3
planes and shall provide a complete classification. So, the classification of
rank 3 planes is now essentially complete.
Our primary tool in this study is Liebeck’s work [28] on the affine per-
mutation groups of rank 3 with the assumption that the group acts
primitively. Keeping this in mind, the following result of Kallaher is
fundamental to our approach.
Theorem 6 (Kallaher [24]). Let ? be a rank 3 affine plane with corre-
sponding group G. Then one of the following holds:
(a) G has no fixed infinite point and acts primitively on the affine
points of ?,
(b) G has a fixed infinite point and acts imprimitively on the affine
points of ?.
Hence, we must deal with situation (b) prior to the application of
Liebeck’s results.
Of course, in a recent paper, Ganley et al. [14] essentially classified the
finite translation planes with a doubly transitive line-sized orbit. This result
is the main tool in dealing with situation (b).
For existing examples, we note that the irregular nearfield planes of
orders 112, 292 and 592 with non-solvable groups are examples of non-
solvable weak rank 3 planes [31].
Furthermore, Ostrom [39] and Mason and Ostrom [33] have shown
that there are non-solvable rank 3 planes of orders 52 and 72 whose orbits
on the points at infinity have lengths (10, 16) and (10, 40), respectively.
In addition, there is an unusual plane of Korchma ros [27] of order 72
which is a non-solvable rank 3 plane with orbits on the points at infinity
of length (20, 30).
As remarked above, Ostrom [39] has, in fact, shown that one of the
exceptional Walker planes of order 25 is a non-solvable rank 3 plane. Here,
we show that actually all three of the exceptional Walker planes of order
25 are non-solvable weak rank 3 planes.
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We completely determine the set of non-solvable rank 3 planes and show
that the planes just listed together with the Desarguesian, Hall, and
Lu neburgTits planes form a complete list.
The planes of order 32, 52, and 72 are investigated in more detail in the
last section. So there are cases in the paper which need the last section to
be completely settled.
We give below our main result which indicates the planes, the group and
the orbit lengths on the line at infinity. However, the non-solvable rank 3
groups of the Desarguesian planes are given by Foulser and Kallaher in
[13] and will not be completely listed, although we offer a few remarks
below.
As we shall partially see in our proofs, there are two main non-solvable
rank 3 actions on a Desarguesian plane. When the plane has order q2,
the maximal rank 3 group is N1L(2, q2) (SL(2, q)) and the orbits lengths
on the line at infinity are (q+1, q2&q). When the order of the plane is q3,
the maximal rank 3 group is N1L(2, q3) (SL(2, q)) and the orbit lengths are
(q+1, q3&q). However, for various small orders, it is possible that the
rank 3 group involves A5 . Foulser and Kallaher [13, Theorem 5.3]
provide precisely the possible orders and orbit lengths. The orders and
orbit lengths for group actions different from those already explained are
{(3
2, (10)), (31, (12, 20)), (41, (12, 30)), (72, (20, 30)),
(71, (12, 60)), (79, (20, 60)), (89, (30, 60)) = .
Our main result is as follows:
Theorem 7. Let ? be a non-solvable rank 3 affine plane. Then ? is one
of the following types of planes:
(1) Desarguesian,
(2) Hall,
(3) Lu neburgTits,
(4) irregular nearfield plane of order 112, 292 or 592,
(5) Korchma ros of order 49,
(6) MasonOstrom of order 49,
(7) one of the three exceptional Walker planes of order 25.
For non-Desarguesian non-solvable rank 3 planes, we have the following:
Corollary 8. Let ? be a non-Desarguesian, non-solvable rank 3 affine
plane and let G be a maximal rank 3 group of ?.
Then one of the following situations occurs:
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(1) ? is a Hall plane of order q2{9 and G0 is isomorphic to
N1L(2, q2) (SL(2, q)) with orbits on the line at infinity of lengths q+1 and
q2&q,
(2) ? is a Hall plane of order 9 and G0 $SL(2, 5) with orbits on the
line at infinity both of length 5,
(3) ? is a Lu neburgTits plane of order q2 containing the group
Sz(q)_Zq&1 which is transitive on the infinite points and the affine point
orbits are the non-zero points fixed pointwise by Sylow 2-subgroups of
length (q&1)(q2+1) and the remaining non-zero affine points of length
(q2&q)(q2+1), or
(4) the plane ?, the group G0 and the orbit lengths on the line at
infinity are as in Table I (G0=H0 b K where K is the kernel homology group
of ?).
We shall require throughout the paper the following results which we list
for convenience.
Theorem 9 (Hering [16]see also [28]). Let G be a 2-transitive
affine permutation group of degree pd, with socle V& (Zp)d for some prime
p, and let G0 be the stabilizer of the zero vector in V. Then G0 belongs to one
of the following classes (and conversely, each of the classes below does give
a 2-transitive affine group).
(A) Infinite classes:
(1) G01L(1, pd);
(2) G0 i SL(a, q) and pd=qa;
TABLE I
Type Group l -orbit lengths
Irregular nearfield, H0$(SL(2, 5)_SL(2, 5)) } 2
order p2, p=11, 29, 59 SL(2, 5) as a homology group (2, p2&1)
Korchma ros G0 $SL(2, 5) H
order 49 H of order 48 (20, 30)
MasonOstrom [H0 : (D8 b Q8) SL(2, 5)]=2
order 49 H0 (D8 b Q8)$S5 (10, 40)
Likeable Walker, I Imprimitive group
order 25 H0 $5 } GL(2, 5) (1, 25)
Exceptional Walker, II [G0 : (D8 b Q8) SL(2, 5)]=4
order 25 G0 (D8 b Q8) K$S5 (10, 16)
Exceptional Walker, III
order 25Hering G0Z(G0)&S6 (6, 20)
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(3) G0 i Sp(2a, q) and pd=q2a;
(4) G0 i G2 (q)$, pd=q6 and p=2.
(B) Extraspecial classes (G0NGL(d, p) (R) for R an r-group
irreducible on V ),
(1) pd=52, 72, 112, 232, r=2, and R=Q8 or
(2) pd=34, r=2, R&D8 b Q8 , and G0RS5 .
(C) Exceptional classes,
(1) G0 i SL(2, 5) and pd=92, 112, 192, 292, 592, and SL(2, 5)<
SL(2, pd2),
(2) G0 is A6 , pd=24, and A6 &Sp (4, 2)$,
(3) G0 is A7 , pd=24, and A7<A8 &SL(4, 2), or
(4) G0 is SL(2, 13), pd=36, and SL(2, 13)<Sp(6, 3).
Theorem 10 (Ganley et al. [14]). Let ? be a finite translation plane of
order pr which admits a collineation group inducing a non-solvable doubly
transitive group on a set of size pr.
Then either pr # [34, 36, 112, 192, 292, 592] or ? is one of the following
types of planes:
(1) Desarguesian,
(2) Hall,
(3) the Dempwolff plane of order 16 or
(4) one of the three exceptional Walker planes of order 25.
Theorem 11 (Foulser and Johnson [11, 12]). Let ? be a translation
plane of order q2 admitting SL(2, q), q= pr, p a prime, as a collineation
group in the translation complement. Then ? is one of the following planes:
(1) Desarguesian and the p-elements are elations,
(2) Hall and the p-elements are Baer and the fixed point spaces lie
within a net of degree q+1,
(3) Hering, q#&1 mod 3 odd, and the p-elements are quartic,
(4) OttSchaeffer, q#&1mod 3 even, and the Sylow 2-groups are
quartic,
(5) the Dempwolff plane of order 16 where the involutions are Baer
and the axes share two components, or
(6) one of three exceptional Walker planes of order 25 where there is
a reducible but not completely reducible group isomorphic to SL(2, 5).
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As an easy corollary we obtain:
Corollary 12. Let ? be a weak rank 3 plane of order q2 with corre-
sponding rank 3 group G. If SL(2, q)G0 , then ? is either Desarguesian or
Hall or ? is among the three exceptional Walker planes of order 25.
Proof. We refer to the classification given in the previous theorem. If ?
is a Ott-Schaeffer or a Hering plane, then ? has a net N of q+1 com-
ponents such that each Sylow p-subgroup Sp of SL(2, q) fixes exactly one
component N of N and exactly q points on N (see [12, Lemma 2.3]).
Furthermore, SL(2, q) \ G0 when q{5 by [31, Theorem 50.3]. Thus the
q points fixed by Sp on N are invariant under the action of G0, N on N.
Since G0, N is transitive on N we have a contradiction. The Dempwolff
plane of order 16 admits SL(2, 4). However, there is not an associated rank
3 group as the full collineation group has orbits at infinity of lengths 1, 1,
and 15 (see Johnson [21]).
2. THE IMPRIMITIVE CASE
Let ? be a non-solvable weak rank 3 affine plane with non-solvable rank
3 collineation group G. Since ? is a translation plane of order pr, we may
assume that the subgroup G0 which fixes the zero vector 0 is in 1L(2r, p).
In this section we consider the case when G is imprimitive on the points of
?. By Theorem 6, G0 must fixes a component l of ?.
We start with a useful lemma.
Lemma 13. Let ? be a non-solvable rank 3 plane of order pr and let G
be the corresponding rank 3 group. Assume that G0 fixes a component l.
Then the following holds:
(i) if pr{26, then the perspectivities with axis l in G0 are elations of
a group E with |E |<pr,
(ii) If g # G0 is an element of order a prime p-primitive divisor of
pr&1, then [E, g]=1.
Proof. Suppose there is a homology of axis l in G0 . Put L=l & l .
By the transitivity of G0 on l&[L] there are homologies with axis l
and centre any point of l&[L]. By Andre ’s Theorem (see [8, Result
4.3.2]), ? is a semifield plane and by Theorem 5 ? is a generalized twisted
field plane, but the full collineation group of a non-Desarguesian
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generalized twisted field plane is solvable [1] and the group fixing a com-
ponent in a Desarguesian plane is also solvable. Hence the perspectivities
in G0 with axis l are elations within a group E of order ps with s<r.
The assertion (ii) follows from [25, Lemma 3.1]. K
Theorem 14. If ? is a non-solvable rank 3 plane with corresponding
group G and G0 fixes a component l, then ? may be only one of the excep-
tional Walker planes of order 25.
Proof. If the group induced by G0 on l is solvable, then ? has odd
order and SL(2, 5) is homology group with axis l by [31, Corollary 3.6].
This contradicts Lemma 13. Hence the group induced by G0 on l is non-
solvable.
We may apply Theorem 10 to conclude that either the order of the plane
is in [34, 36, 112, 192, 292, 592] or the plane is Hall or the plane is an excep-
tional Walker plane of order 25 or the Dempwolff plane of order 16 which is
not a rank 3 plane by Johnson [21]. Moreover, since in the Hall plane of
order q2{9, the full collineation group leaves invariant a net of degree q+1,
it must be that the Hall plane is of order 9. But, since the group which fixes
l must have order divisible by 9 and the full translation complement has
order 25 } 5! (see [31, Theorem 8.3]), this case does not occur.
Note that the order of G0 is divisible by pr ( pr&1) under our assump-
tions.
Hence, assume that the plane has order p2 where p=11, 19, 29 or 59.
Then, G 0=Go |l is a subgroup of GL(2, p) whose Sylow p-subgroups
have order p. Hence, with the same notation of Lemma 13, the group E has
order p. Since there is a non-trivial p-element induced on l, the non-
solvability implies that SL(2, p)G 0 .
Let H0 denote the subgroup of G0 such that H 0=H0 E is isomorphic to
SL(2, p). There are prime p-primitive divisors u of p2&1 for each
p # [11, 19, 29, 59]. Since the u-elements in H 0 generate H 0 , then the u-
elements in H0 generate a central extension of SL(2, p) by Lemma 13,(ii).
Using Schur multipliers we have that SL(2, p) is a subgroup of H0 .
Since SL(2, p) is a collineation group of ? then ? is either Desarguesian
or Hall by Corollary 12. However, none of these planes admits a non-
solvable rank 3 group G fixing a direction.
Hence, we may assume that ? has order 34 or 36.
First consider that the order is 36. Rather than re-applying the classifica-
tion of Hering, we may consider what situations are left in [14] or,
ultimately, in [17]. We note that SL(2, 33)G 0 cannot occur by the same
argument as before and by Corollary 12.
Hence, we are left with G 0 $SL(2, 13). Since the order of G 0 is 23 } 3 }
7 } 13, then E has order 35 by Lemma 13. Thus, there are three infinite
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point orbits under E permuted transitively by G0 . Hence G0 must have
a subgroup of index 3 containing E so that also G0E must have a sub-
group of index 3, which is not the case. Thus, the order cannot be 36.
Hence, assume that ? has order 34.
By Hering’s list of groups that act transitively on the non-zero vectors of
a 4-dimensional vector space over GF(3), the group G 0 induced on l by G0
contains a normal subgroup N 0 and one of the following occurs:
(i) N 0 $SL(2, 9),
(ii) N 0 $ SL(4, 3),
(iii) N 0 $ Sp(4, 3),
(iv) N 0 $ D8 b Q8 and G 0 N 0S5 ,
(v) N 0 $ SL(2, 5).
Let N 0 $Sp(4, 3). As there is a prime p-primitive divisor of 34&1, then
M$Sp(4, 3)N0 and [M, E]=1 by the same argument as before. It is
easy to see that the central involution in M is in the kernel homology
group of ?, so that M induces M $PSp(4, 3) on l . Looking at the
possible degrees of the non-trivial representations of M , we see that the
only possibility is that M has 3 orbits of length 27 on l&[L] (see [9,
Table B.2]). If E=(1) , as |Out M |=2, G0 cannot be transitive on
l&[L]. Hence E must permute transitively the 3 orbits of M . If
P # l&[L], then M P contains a 3-element as a 3-Sylow of M has
order 34. Clearly, this element must fix 3 points on each orbit. Thus M con-
tains planar 3-elements. By Foulser’s incompatibility theorem [10], we
have a contradiction since E{(1).
Since Sp(4, 3) as a subgroup of SL(4, 3) must be transitive on l&[0],
the cases (ii) and (iii) cannot occur.
We shall consider case (i) and case (v) jointly. Hence, assume
N 0 $SL(2, 5) or SL(2, 9). By Lemma 13, the group of perspectivities with
axis l in G0 is an elation group E of order at most 33.
We note that, in either situation, there are 10 Sylow 3-subgroups in N 0 .
Since N0 is normal in G0 , the full induced group G 0 permutes the fixed
point spaces of the Sylow 3-subgroups and is transitive on l&[0]. Hence,
the union of the fixed point spaces of the Sylow 3-subgroups must be l.
Thus, the fixed point spaces have dimension at least 2 over GF(3). Suppose
they have dimension 3. As both SL(2, 9) and SL(2, 5) can be generated by
pairs of Sylow 3-subgroups, N 0 would fix elementwise a non-trivial sub-
space, in contrast with the transitive action of G 0 on l&[0].
So, we may assume that the fixed point spaces have dimension 2 and
since there are 10 of these, we have a spread on l and a corresponding
translation plane of order 9. Since the translation planes of order 9 are
either Desarguesian or Hall, it follows from knowledge of their collineation
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groups that the plane induced from the spread on l is Desarguesian and
the 3-elements are elations on this plane.
Clearly, G 0 is a subgroup of 1L(2, 9) acting on l. We note that the nor-
malizer of SL(2, 5) within GL(2, 9) is SL(2, 5) b Z8 , where Z8 denotes the
kernel homology group of the associated plane on l. Hence, as 34 | |G0 |, E
has order at least 32 or 33 for N 0 $SL(2, 9) or SL(2, 5), respectively.
As we have seen, any Sylow 3-subgroup of G0 fixes exactly 9 points on
l. If the order of a Sylow 3-subgroup is strictly larger than 34, then there
exist Baer 3-elements. However, this is contrast with the Foulser’s incom-
patibility theorem since there are non-trivial elations. Hence, a Sylow
3-subgroup has order 34 and by a similar argument any such group must
be transitive on l&[L]. Hence N0 is transitive on l&[L] and if
P is any point on l&[L], then N0, P has order |N0 |3
4 and
N0, P & E=(1) . Thus N0, P is isomorphic to a subgroup of SL(2, 9) or
SL(2, 5) of index 9 or 3, respectively. However, by knowledge of the sub-
groups of SL(2, q), no such subgroups exist. Hence, we cannot have case
(i) or (v).
So, assume the case (iv) occurs. As 32 |% G 0 , the elation group E has order
exactly 33 by Lemma 13. Thus E has exactly three orbits on l&[L].
Note that A5G 0 N 0 because G0 is non-solvable and 5 is a primitive
divisor of 34&1. By Lemma 13,(ii), all the 5-elements in G0 fix pointwise
each E-orbit on l&[L] and thus lie in the kernel homology group of
?. This is absurd. Hence, case (iv) does not occur and the proof is com-
pleted.
3. APPLICATION OF LIEBECK’S THEOREM:
THE PRIMITIVE CASE
By the preceding sections, we may assume that ? is a rank 3 affine plane
which admits a non-solvable group G which acts primitively on the points
of ?. Since ? is a translation plane of order pr, we may assume that ? is
defined by a spread S of the vector space V& (Zp)d for d=2r and
G01L(2r, p), where 0 denotes the zero vector of V. The possibilities for
G0 are given in Liebeck’s theorem below. A fundamental tool in our
investigation are the length orbits of G0 on V&[0]. These are listed
separately in Tables II, III and V.
Theorem 15 (Liebeck [28]). Let G be a finite primitive affine permuta-
tion group of rank 3 and of degree n= pd, with socle V, where V& (Zp)d for
some prime p, and let G0 be the stabilizer of the zero-vector in V. Then G0
belongs to one of the following classes (and conversely, each of the
possibilities listed below does give rise to a rank 3 affine group).
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TABLE II
Type of G n= pd Subdegrees
(A1) : G0<1L(1, pd) pd given in [13]
(A2) : G0 imprimitive p2m 2( pm&1), ( pm&1)2
(A3) : tensor product q2m (q+1)(qm&1), q(qm&1)(qm&1&1)
(A4) : G0 i SLa (q) q2a (q+1)(qa&1), q(qa&1)(qa&1&1)
(A5) : G0 i SL2 (q) q6 (q+1)(q3&1), q(q3&1)(q2&1)
(A6) : G0 i SUa (q) q2a {
(qa&1)(qa&1+1), qa&1(q&1)(qa&1), a even
(qa+1)(qa&1&1), qa&1(q&1)(qa+1), a odd
(A7) : G0 i 0=2a (q) q
2a {
(qa&1)(qa&1+1), qa&1(q&1)(qa&1), ==+
(qa+1)(qa&1&1), qa&1(q&1)(qa+1), ==&
(A8) : G0 i SL5 (q) q10 (q5&1)(q2+1), q2(q5&1)(q3&1)
(A9) : G0 i B3 (q) q8 (q4&1)(q3+1), q3(q4&1)(q&1)
(A10) : G0 i D5 (q) q16 (q8&1)(q3+1), q3(q8&1)(q5&1)
(A11) : G0 i Sz(q) q4 (q2+1)(q&1), q(q2+1)(q&1)
TABLE III
L n= pd Subdegrees
A5 34 40, 40
312 360, 600
412 480, 1200
74 960, 1440
712 840, 4200
792 1560, 4680
892 2640, 5280
A6 26 18, 45
54 144, 480
A7 28 45, 210
74 720, 1680
A9 28 105, 150
A10 28 45, 210
PSL(2, 17) 28 102, 153
PSL(3, 4) 36 224, 504
PSU(4, 2) 74 240, 2160
M11 35 20, 220 or 110, 132
M24 211 276, 1771 or 759, 1288
Suz 312 65520, 465920
G2 (4) 312 65520, 465920
J2 212 1575, 2520
56 7560, 8064
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TABLE IV
Reduced Table III
L n= pd |S1| , |S2| Embedding
A5 34 5, 5 A5<PSL(2, p)d2
312 12, 20
412 12, 30
74 20, 30
712 12, 60
792 20, 60
892 30, 60
A6 54 6, 20 A6<PSp(4, 5)
A7 28 3, 14 A7<PSL(4, 4)
74 15, 35 A7<PSp(4, 7)
A9 28 7, 10 A9<0+8 (2)
A10 28 3, 14 A10<Sp(8, 2)
PSU(4, 2) 74 5, 45 PSU(4, 2)<PSL(4, 7)
Suz 312 90, 640 Suz<PSp(12, 3)
G2 (4) 312 90, 640 G2 (4)<Suz<PSp(12, 3)
J2 212 25, 40 J2<PSp(6, 2)
(A) Infinite classes. These are:
(1) G01L(1, pd). All possibilities are determined in Foulser and
Kallaher [13];
(2) G0 is imprimitive. G0 stabilizes a pair [V1 , V2] of subspaces of
V, where V=V1 V2 and dim V1=dim V2 ; moreover, (Go)Vi is transitive
on Vi&[0] for i=1, 2 (and hence determined by Hering as in Theorem 9);
(3) Tensor product case. For some a, q with qa= pd, consider V as
a vector space Va(q) of dimension a over GF(q); then G0 stabilizes a decom-
position of Va(q) as a tensor product V1 V2 where dimGF(q)V1=2;
moreover, G V20 i SLa(q), or G
V2
o $A7<SL(4, 2) (and p=q=2, d=a=8),
or dimGF(q)V23.
(4) G0 i SL(a, q) and pd=q2a;
(5) G0 i SL(2, q) and pd=q6;
(6) G0 i SU(a, q) and pd=q2a;
(7) G0 i 0\ (2a, q) and pd=q2a (and if q is odd, G0 contains an
automorphism interchanging the two orbits of 0\ (2a, q) on non-singular
1-spaces);
(8) G0 i SL(5, q) and pd=q10 ( from the action of SL(5, q) on the
skew square 2 (V5 (q)));
(9) G0 i 07 (q) } Z(2, q&1) and pd=q8 ( from the action of B3 (q) on
a spin module);
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(10) G0 Z(G0)i P0+ (10, q) and pd=q16 ( from the action of D5 (q)
on a spin module);
(11) G0i Sz(q) and pd=q4 ( from the embedding of Sz(q)<Sp(4, q)).
(B) ‘‘Extraspecial ’’ classes. Here, G0NGL(d, p) (R) where R is an
r-group, irreducible on V. Either r=3 and R&31+2 (extraspecial of order
27) or r=2 and |RZ(R)|=22m with m=1, 2 or 3. If r=2 then either
|Z(R)|=2 and R is one of the two extraspecial groups Rm1 , R
m
2 of order
21+2m, or |Z(R)|=4, when we write R=Rm3 .
(C) ‘‘Exceptional ’’ classes. Here the socle L of GZ(G ) is simple, and
the possibilities are given in Table III.
3.1. Infinite Classes and Related Weak Rank 3 Planes. Denote by O1
and O2 the orbits of G0 on V, different from [0] and by S1 and S2 the
components of S contained in O1 _ [0] and in O2 _ [0], respectively
according to Theorem 2,(b). Since G0 permutes the elements of S, G0
admits a transitive permutation representation of degree |O1 | ( pd2&1) on
S1 and a transitive permutation representation of degree |O2 | ( pd2&1) on
S2 . The effective degrees of this representation can be determine using
Table II.
Since the group is assumed non-solvable, we need not consider case
(A.1). We consider the remaining cases in subsections.
Case (A.2). We have that |O1 |=2( pd2&1). So O1 _ [0] contains
exactly two components of S and G0 has an orbit of length 2 on the com-
ponents of S. We then apply Luneburg [31, Theorem 20.1] which asserts:
Theorem 16. Under the assumptions of Case (A.2), ? is an irregular
nearfield plane of order 112, 292 or 592 that admits a non-solvable collinea-
tion group.
Case (A.3). Here X is a 2-dimensional vector space over K$GF(q)
with a basis [v1 , v2], Y a m-dimensional vector space over GF(q) and
V=XY. For g # GL(X ) and h # GL(Y ) the linear map hg on V is
defined by
vw [ vgwh, v # X, w # Y.
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When m{2, the whole group M stabilizing the decomposition V=XY
in 1L(V ) is (GL(2, q) b GL(m, q)) } A, where A is the group consisting of
the maps
a_ : :
j=1, ..., m
i=1, 2
aij (vi w j)  :
j=1, ..., m
i=1, 2
a_ij (vi wj)
for _ # Aut K and [wj]j=1, ..., m a basis for Y. When m=2, M contains
(GL(2, q) b GL(2, q)) } A as a subgroup of index 2 since there are elements
interchanging X and Y. By the properties of the tensor product we have
(GL(2, q) b GL(m, q)) } A$1L(2, q) } GL(m, q)$GL(2, q) } 1L(m, q).
M has two orbits on V given by
D1=[v1 w1+v2 w2 : w1 , w2 # Y, dim (w1 , w2) =1]
D2=[v1 w1+v2 w2 : w1 , w2 # Y, dim (w1 , w2) =2].
Thus the rank 3 group G0 is contained in M and there is, up to a scalar
map, an homomorphism of G0 (or possibly of a subgroup of index two of
G0 when dim Y=dim X=2) into GL(Y ) given by gh [ h, g # 1L(2, q),
h # GL(m, q). Denote by F the kernel of the homomorphism. Liebeck [28]
proves that one of the following holds for G 0=G0 F:
(A.3.1) SLm (q)G 0 ,
(A.3.2) K$GF(2), dimK Y=4 and A7G 0 ,
(A.3.3) dimK Y3.
Proposition 17. The case (A.3.1) can occur only for dimK Y=2, while
the case (A.3.2) cannot occur.
Proof. Suppose that SLm (q)G 0 . Then there is a subgroup of G0 , say
H0 , which is an extension of SLm (q) containing F. Consider the representa-
tion of H0 on S1 which has length q+1. Then [H0 : H0, C]q+1 for
C # S1 . Now [H0 : H0, C F][H0 : H0, C]q+1. But [H0 F: (H0, C F )F]
=[H0 : H0, CF] so that H0 F$SLm (q) has a permutation representation
of degree less than or equal to q+1. By [6], we must have m=dimKY=2
or the representation is trivial. In the last case, H0 F=(H0, C F)F or also
H0=H0, CF. Then FC is normal in H0, C and H0, C FC $SLm (q). Let
D # S1 , D{C. Then [H0, C : H0, C, DFC][H0, C : H0, C, D]q and me may
argue as before to infer that H0, C=H0, C, D FC and H0, C, DFC, D $SLm (q).
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So, H0, C, D possesses a planar Sylow p-subgroup of order at least qm(m&1)2
= prm(m&1)2. Of course, the order of any planar p-group of ? is at most
prm&1 (see [20, Corollary 5]). Hence, it can only be that m=2.
When A7G 0 , ? has order 16, |S1 |=3 and |S2 |=14. Arguing as in the
previous case we prove that G0 contains planar 2-groups of order at least
16 as a Sylow 2-subgroup of A7 has order 16. By [20, Corollary 5], we
have a contradiction.
Case (A.3.3). Now we investigate the cases where dimK Y=2 or 3. So,
m=2 or 3.
Let [v1 , v2] be a basis for X. Consider the following subspaces of XY
(v1 0+v2 w2 : w2 # Y) ,
(v1 w1+v2 :w1 : w1 # Y, : a fixed element of K$GF(q)) .
We have a family R of q+1 m-dimensional subspaces over K such that
any two have a trivial intersection. Clearly this family is exactly a cover of
the orbit D1 . Let the first indicated subspace be denoted by x=0 and the
second listed subspaces be denoted by y=x: where : # K and
(x, y)=v1 x+v2 y. Thus, we obtain:
Lemma 18. R is a K-regulus. The group M preserves R and the elements
of M fixing R componentwise are exactly those of the form 1h with
h # GL(Y ).
The proof is a straightforward calculation.
dimK Y=3. Now we consider the group G0 acting on a translation
plane ? of order q3. Clearly, we may identify the points of ? by the vectors
of the 6-dimensional vector space V=XY over K $ GF(q). However,
the spread may not actually be in PG(5, K ).
The components of the spread S defining ? splits into two orbits S1 and
S2 under the action of G0 of lengths q+1 and q3&q, respectively. The nets
S1 and R cover the same vectors, namely those of the orbit D1 , and G0
preserves R.
Assume that q{4 so that there is a p-primitive divisor u of q3&1. Since
the group acting on a component of ? is transitive on the non-zero vectors,
there is an element g in G0 whose order is u. We consider the group action
of g on the infinite points of R. We may assume that g fixes () and acts
on GF(q) as a linear transformation. Hence, the restriction to the set of
infinite points of R is in GL(1, q) which implies that g fixes each compo-
nent of R.
Since there exists a component N of S1 which is fixed by g, R and S1
share a component. However, the group G0 preserves R and is transitive
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on the components of S1 so that the components of R and S1 are identical.
By a result of Johnson [22], there is a unique Desarguesian spread 7 of
g-invariant 3-dimensional K-subspaces provided that there is at least three
mutually disjoint g-invariant subspaces. Hence 7 exists and contains R.
Note that it is not necessary to assume that the invariant g-subspaces are
also K-subspaces. That is, any g-invariant subspace over GF( p) of line size
belongs to the unique Desarguesian spread 7 and then becomes a 3-dimen-
sional K-subspace.
Lemma 19. u can never be 3 or 5. If u=7 then q= p for a prime p# 2,
4 mod 7 or q= p2 for a prime p#3, 5 mod 7.
Proof. Let u=3. If 3 divides 1+q+q2=3+(q&1)+(q2&1) then 3
divides q&1 as it always divides q2&1. So, 3 is not a p-primitive divisor
of q3&1. Let u=5. Then since 5 divides q4&1 for every q= pr, p{5
prime, we cannot have 5 as a p-primitive divisor of 1+q+q2.
If u=7 then 7 divides p6&1 for any prime p{7. Since 7 must be a
p-primitive divisor of p3r&1 for q= pr, then 3r6, that is r=1 or 2. Hence,
in general q= p or p2. We must have 7 | q2+q+1. Suppose that q= p. Let
p=7f +i, 0i6. Then 7 | i2+i+1 which forces i=2 or 4. If q= p2
then 7 | p4+ p2+1, but 7 |% p3&1, so that 7 | p2& p+1. In this case,
7 | i2&i+1, which implies that i is 3 or 5. K
Now we are able to prove the following
Theorem 20. If dimK Y=3, then ? is a Desarguesian plane.
Proof. First assume that q{4. Denote by U the subgroup of G0
generated by the u-elements. Clearly UG0 & SL(Y ) by Lemma 18. Let
consider U =UZ, where Z denotes the centre of SL(Y ). As we have seen
U {(1). Suppose that U $PSL(3, q) or PSU(3, v) for q=v2. Then U
$SL(3, q) or SU(3, v) and U fixes each component of R. Since the Sylow
p-subgroups of U have order greater than q, there is a p-element { which
fixes all components of R and some components of S&R. Hence, { must
fix pointwise a subplane of order greater than q. This implies that Fix {=?,
a contradiction. For q even we use the list of Hartley [15, p. 157], and
Lemma 19 to show that the only other subgroups of PSL(3, q), q=2r con-
taining such a group U are the normalizers of some Singer cycle. Hence U
is cyclic of order u.
When q is odd, we may use the list of Mitchell [36, p. 239], bearing in
mind Lemma 19. Other than to be contained in the normalizer of a Singer
cycle, there is only two possibilities for U , that is u=7 and U is a subgroup
of PSL(2, 7) or A7 . If U is properly contained in PSL(2, 7), then U is cyclic
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of order 7, as PSL(2, 7) is generated by any pair of distinct cyclic sub-
groups of order 7. If U is properly contained in A7 , then U is cyclic of
order 7 or U $ PSL(2, 7), as the only proper subgroups of A7 containing
more than one element of order 7 are isomorphic to PSL(2, 7). When
U $PSL(2, 7), then PSL(2, 7) must be involved in the group induced by
G0, N on a component N of S1 . By Theorem 10, since ? has odd order q3,
the only possibility is q=9 and ? of order 36, Hence we may assume that
U$PSL(2, 7)SL(3, 32). Now U \ G0 , so that the group induced by G0
on N is transitive on N&[0] and contains PSL(2, 7) as a normal sub-
group. Using Theorem 9 it is easily seen that this case does not occur.
Lastly, we may have U $A7 and again q=9 by Theorem 10, but A7
appears only for q a power of 5 (see [36]).
Thus U is cyclic of order u. Since Z is central of order dividing q&1,
then also U is cyclic of order u. So U=( g) is the unique subgroup of
order u in G0 . Nevertheless, any component L of ? is fixed by a subgroup
of G0 of order u since G0, L is transitive on L&[0]. Hence g lies in the
kernel homology group of ? and ? is Desarguesian.
It remains to consider the case q=4. In this case 7 is a prime 4-primitive
divisor of q3&1. Let g be any element of order 7 in G0 . As both R and S1
have exactly 5 components, then g fixes both R and S1 componentwise. As
in the previous case there is a Desarguesian spread 7 consisting of the
g-invariant K-subspaces. Thus g acts f.p.f. on ?. Assume there is a component
l of R which is not a component of S1 . If M is a component of S1 such
that l{l & M{(0) , then |l & M |=8 as l & M is g-invariant. But when
M varies on S1 , the corresponding subspaces of l & M must cover l. This
is impossible since S1 has only 5 components. Hence, S1=R.
As before let U be the subgroup of G0 generated by the 7-elements.
Again UG0 & SL(3, 4) and let U =UZ. If U contains 2-elements, we
have a contradiction as before. Using Hartley [15, p. 157], we see that the
only subgroups of odd order of PSL(3, 4) containing elements of order 7
are the normalizers of Singer cycles. So U=( g) is normal in G0 . Since
G01L(6, 4), then G0Aut 7, where 7 is the Desarguesian spread with
components the GF(4)-subspaces fixed by g. Furthermore, any component
is fixed by an element of order 7 of G0 , so that g lies in the kernel homology
group of ?. Hence GF(8) is in the kernel of ?.
The non-zero vectors in a component N of 7&R are in the same orbit
under G0 , so that G0, N is transitive on N&[0]. Thus, G0, N induces on N
a subgroup of 1L(1, 64) transitive on N&[0]. This subgroup always con-
tains the kernel homology \ of 7 of order 3 (see [40]). So, \ is in G0 .
Let M be a component of S&R. If M is also a component of 7, then
? is Desarguesian by the transitivity of G0 . Thus, we may assume that M
is a Baer subplane of 7 and there is a regulus net RM of 7 containing M.
Clearly M cannot be \-invariant, since otherwise M is a GF(4)-subspace
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and hence all the components of ? are GF(4)-subspaces by the transitivity
of G0 and ? is Desarguesian. So \  G0, M . As G0, M induces a transitive
group on M&[0], then G0, M contains a 3-group H of order 9. Clearly
(H, \) fixes 2 components of R. Let L be one of these components. There
is an element #  ( \) in (H, \) fixing 3 components of 7&R, as 9 |% 60.
Hence # is a planar collineation of 7. In particular # fixes some point on
L&[0]. Now the group G 0, L , induced by G0, L on L&[0], is a transitive
subgroup of 1L(1, 64) and the stabilizer of a point on L&[0] has order
at least 3 because of the action of # . Hence G 0, L contains the full subgroup
of index 2 of 1L(1, 64). So, there is a cyclic group of order 63 in G0 acting
as the full kernel homology group of 7. This means that the regulus net RM
is covered by the 9 images of M. Hence, the spread 7 is a ‘‘disjoint’’ union
of reguli together with the partial spread consisting of the 5 components of
R. However, since 9 does not divide 4(42&1), we have a contradiction.
Thus, S=7. K
dimK Y=2. Now we consider the group G0 acting on a translation
plane ? of order q2. The points of ? are the vectors of the 4-dimensional
vector space V=XY over K$GF(q). However, the spread may not
actually be in PG(3, K ).
Again the components of the spread defining ? split into two orbits S1
and S2 under the action of G0 of lengths q+1 and q2&q, respectively. S1
and S2 cover the point-orbits D1 and D2 , respectively. Hence, we have a net
S1 of degree q+1 whose vectors are exactly the vectors of the K-regulus R.
Lemma 21. Either R=S1 or S1 is the opposite regulus net of R.
Proof. If R and S1 have a common component then all components are
common as G0 preserves R and is transitive on the components of S1 .
Hence, assume that R and S1 have no common components. We then
have the translation plane ? with spread S and another translation plane
with spread R _ M for M=S&S1 . So, we have two nets of order q2 that
contain a common net of degree q2&q. This net has ‘critical deficiency’ and
by Ostrom [37] the two planes must be derivates of each other. This
proves the result. K
Theorem 22. If dimK Y=2 then the plane ? is either Desarguesian or
Hall.
Proof. Let R$ the opposite regulus net of R. Note that any map in
1L(XY ) interchanging X and Y also interchanges R and R$, so that it
cannot be in G0 by Lemma 21. Thus G0M and G0 preserves both R
and R$. By a result of Prohaska (see [31], Theorem 52.1) ? is either
Desarguesian or Hall. K
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The cases from A.4 to A.11 will be handled by using the fact that pr&1
must divide both |D1 | and |D2 | and when this happens there is a normal
semisimple subgroup of G0 which acts on both |S1 | and |S2 |. Looking at
the minimal degree for a non-trivial permutation representation of a classi-
cal group we obtain that in most cases the representation must be trivial
and from this a contradiction follows by the existence of too large planar
p-groups. Since the Cooperstein’s paper [6] on the minimal degree for a
non-trivial permutation representation of a classical group contains some
inaccuracies, the Cooperstein’s results are intended to be corrected compar-
ing with [26, 34, 35].
Case (A.4). We have that |V |=q2a, SL(a, q)G0 , |S1 |=(q+1),
|S2 |=q(qa&1&1). So SL(a, q) has a permutation representation of degree
q+1 on S1 . By [6] either the representation is trivial or a=2.
First assume that the representation is trivial. Hence, we have a collinea-
tion group isomorphic to SL(a, q) that fixes q+1 components. Since a
Sylow p-subgroup of SL(a, q) has order qa(a&1)2= pra(a&1)2, G0 contains a
planar p-group of this order. Of course, the order of any planar p-group is
at most pra&1 [20]. Hence, it can only be that a=2. But, then the p-groups
are Baer and we may apply Corollary 12 to conclude that the plane is Hall
for q{5.
Similarly when a=2 and the representation is not trivial, we have that
|V |=q4 and G0SL(2, q) and again we may apply Corollary 12 to con-
clude that the plane is Desarguesian, unless possibly the order is 25.
Case (A.5). We now consider the case when we have a group G ()0
isomorphic to SL(2, q), q= pr, acting on a translation plane ? of order q3.
Here |V |=q6, |S1 |=q+1 and |S2 |=q3&q. According to the group
action indicated in [28, p.483], G0 preserves a Desarguesian spread 7 of
1-dimensional GF(q3)-subspaces of V, regarded as a 2-dimensional vector
space over GF(q3). Thus G01L(2, q3). If we denote by H the kernel of
7, then NGL(2, q3) (G ()0 )$GL(2, q) b H. Assume that q{4. Then u| |G0 | for
u a prime p-primitive divisor u of q3&1. Suppose that the u-element h of
H is not in G0 . Then u |% |G0 & H |. Nevertheless u |% |G0 (G0 & H)| as
|G0 (G0 & H )| divides the order of GL(2, q) by 3r and we have a contradic-
tion. Thus h # G0 . Note that the elation axes in G ()0 define a regulus net
R/7 which covers the same vectors of S1 . The element h fixes a compo-
nent of S1 . Hence S1 and R share a component. As G0 is transitive S1 , then
R=S1 . Likewise, h fixes a component of S2 and hence S2=7&S1 . Thus
? is Desarguesian.
Now assume that q=4. Arguing as before we prove that the element of
order 7 of H is in G0 . Then we have the same situation as in the case
(A.3.3) and dimKY=3 and one can prove that S1 _ S2=7.
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Case (A.6) We have that |V |=q2a, SUa(q)G0 ,
|O1 |=
(qa&1)(qa&1+1),
(qa+1)(qa&1&1),
a even
a odd
|O2 |=
qa&1 (q&1)(qa&1),
qa&1 (q&1)(qa+1),
a even
a odd.
If a is even we have that |S1 |=qa&1+1 and SUa(q) has a permutation
representation of degree qa&1+1. By [6], when a>2 the representation is
trivial. This is a contradiction because by [28, p. 483], SUa(q) has two
orbits on V&[0] and hence it must be transitive on S1 . When a=2,
SU(2, q)$SL(2, q) and we argue as in the case A.4. If a is odd, then
(qa+1, qa&1)2. Furthermore, (qa&1&1, qa&1)=q&1. This yields
qa&12(q&1). So, a=1 and G0 is solvable.
Case (A.7). We have that |V |=q2a, 0\2a (q)G0 ,
|O1 |=
(qa&1)(qa&1+1),
(qa+1)(qa&1&1),
==+
==&
|O2 |=
qa&1 (q&1)(qa&1),
qa&1 (q&1)(qa+1),
==+
==&
.
If ==+, then |S1 |=qa&1+1 and 0+2a(q) must have a permutation
representation of degree qa&1+1. Directly from [6] we infer that the
representation is trivial for a4. This is a contradiction because by [28,
p. 483], 0+2a(q) } (2, q&1) has two orbits on V&[0] and hence 0
+
2a(q)
cannot act trivially on S1 . When a=1, G0 is solvable. When a=2,
0+2a(q)$SL(2, q) b SL(2, q) and a regulus net of degree q+1 is left
invariant by G0 . Then we may argue exactly as in the case A.3.3 and
dimK Y=2 to conclude that ? is either Desarguesian or Hall and we have
a contradiction since none of these planes admits such a group. If a=3,
then 0+2a(q)$SL(4, q). Again by [6] the representation of 0
+
2a(q) on S1 is
trivial, a contradiction. If ==&, then a=1 as before and G0 is solvable.
Case (A.8). We have that |V |=q10, SL(5, q)G0 . Here |S1 |=q2+1
and SL5 (q) has a permutation representation of degree q2+1. By [6], the
representation is trivial. However, G0 contains a planar p-group of order
q10= p10r, but a planar p-group must have order at most p5r&1 for q= pr.
So this case cannot occur.
Case (A.9). We have that |V |=q8, B3 (q)G0 . Here |S1 |=q3+1 and
B3 (q) has a permutation representation of degree q3+1. By [6], the
representation is trivial. Again, G0 contains a planar p-group of order q9,
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but a planar p-group must have order at most p4r&1 for q= pr. So also this
case cannot occur.
Case (A.10). We have that |V |=q16, D5 (q)G0 . Again |S1 |=q3+1
and D5 (q) has a permutation representation of degree q3+1. By [6], the
representation is trivial and hence G0 contains a planar p-group of order
q20, but a planar p-group must have order at most p8r&1 for q= pr. Again,
the case cannot occur.
Case (A.11). We have that |V |=q4, Sz(q)G0 , |O1 |=(q2+1)(q&1),
|O2 |=q(q2+1)(q&1). Since q2&1 |% |O1 |, |O2 |, this case cannot occur.
Thus we have proved the following:
Proposition 23. If ? is a weak rank 3 affine plane with corresponding
rank 3 group G in one of the infinite classes from A.4 to A.11, then ? is either
Desarguesian or Hall or, possibly, ? is among the three exceptional Walker
planes of order 25.
4.1. Exceptional Classes. Let L denote the socle of G0 Z(G0). Then,
from Liebeck [28], the cases shown in Table III can occur.
As we noted in the previous section, if G leaves invariant a spread S of
V and the associated translation plane ? is a weak rank 3 affine plane with
rank 3 group G, then G0 splits the components of S into two orbits S1 ,
S2 . So, both subdegrees of G0 must be divisible by pd2&1. Hence only the
cases in Table IV can possibly occur for L and for the corresponding values
of |S1 | and |S2 |.
The cases of planes of order 32, 52, 72 will be investigated in separate sec-
tions. So, we here mainly investigate the other possible orders. Clearly, the
planes of prime order are Desarguesian.
When one of the following cases occurs:
L$ A9 or A10 in a plane of order 24,
L$PSU(4, 2) in a plane of order 74,
L$J2 in a plane of order 26,
the field K, arising from Z(G0), is contained in the kernel of ? so that G0
contains a perfect central extension L1 of L inducing L or the identity on
S1 . By the length of S1 , L must fix S1 componentwise (see [9, Table B.2]
for J2). Thus L1G0, l for a component l in S1 . Since G0, l is transitive on
l&[0] we may use Theorem 10. We have a contradiction since none of
the planes listed in the theorem admits such a collineation group.
Suppose that L$A7 . If ? has order 24, then it may be that G0 contains
a perfect central extension L1 of A7 with centre Z3 acting on S1 when ? has
kernel GF(2). Also in this case the action of L1 on S1 is trivial, as L1 does
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not admit subgroups of index 3. Again we use Theorem 10 to exclude this
case.
Assume that ? has order 74. Let L1 be the perfect central extension of A7
contained in G0 . As K is contained in the kernel of ?, either L is induced
by L1 on S1 or L1 acts trivially on S1 . In the last case L1G0, l for a
component l of S1 and Theorem 10 leads to a contradiction. In the first
case, from the inspection of the indices of the subgroups of A7 we infer that
the only possibility is that L1l induces PSL(2, 7) on the component l of S1 .
Thus ? is one of the planes listed in Theorem 10, but no plane of order 49
with a collineation group involving A7 appears in that list.
Suppose that L$G2 (4) or Suz. As before L is induced on S1 . Since
the minimum degree of a non-trivial permutation representation of G2 (4)
is 416 and G2 (4)<Suz, we may assume that in both cases there is a
group G2 (4) fixing each component of S1 . The order of G2 (4) is
46 (46&1)(42&1). Since 5 does not divide 36&1, it follows that there is a
planar group with at least 90 fixed lines through a point, a contradiction.
Hence we have proved the following:
Proposition 24. Let ? be a weak non-solvable rank 3 non-Desarguesian
plane with corresponding group G in one of the exceptional classes of
Liebeck’s classification. Let L be the socle of G0 Z(G0). Then one of the
following occurs:
(1) L$A5 and either
(a) ? has order 9 and the G0 -orbits on l have lengths 5, 5, or
(b) ? has order 49 and the G0 -orbits on l have lengths 20, 30.
(2) L$A6 , ? has order 25 and the G0 -orbits on l have lengths 6, 20.
3.3. Extraspecial Classes. When a rank 3 group G is in an extraspecial
class, then G0NGL(d, p) (R) for R an r-group irreducible on V. With the
same notation as in Theorem 15, the possible cases are listed in Table V
(see [28]).
TABLE V
r n= pd R Subdegrees
3 26 31+2 27, 36
2 34 R21 32, 48
2 34 R22 16a, 16b (a+b=5)
2 54 R22 240, 384
2 54 R23 240, 384
2 74 R22 480, 1920
2 38 R32 1440, 5120
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We note that the case r=3 cannot occur because 7 |% 27.
When pd=38 and ? has order 34, there is a normal extraspecial 2-group
R of order 27 in G0 and the G0 -orbits on the spread S are S18 and S64 of
length 18 and 64, respectively. Let M=NGL(8, 3) R. As noted by Liebeck in
[28, p. 485], M<GSp(8, 3) and MR$O& (6, 2)here the center Z of
GL(8, 3) is the center of R. Recall that O& (6, 2) has order 26 } 34 } 5.
Lemma 25. The group G0, [l] consisting of the perspectivities with axis a
component l # S64 has order at most 2.
Proof. Suppose there is an elation of order 3 in G0, [l] . Then there are
either 64 or 82 elation axes. By [31, Theorem 35.10], this case cannot
occur. Suppose there is a homology of order 5 in G0, [l] . Then 5 must
divide 63 or 62, absurd. By the order of G0 , G0, [l] must be a 2-group of
homologies with axis and co-axis in S64 . As |G0, [l] | | |S18 |, the assertion
follows.
Lemma 26. If l is a component of S64 , then G0, l contains SL(2, 9).
Proof. The group G 0, l induced by G0, l on l is transitive on l&[0]. By
Theorem 9 one of the following occurs:
(1) G 0, l is a subgroup of 1L(1, 34) or
(2) there is a normal subgroup N of G 0, l such that
(a) N is isomorphic to Sp (4, 3),
(b) N is isomorphic to SL(4, 3),
(c) N is isomorphic to SL(2, 9),
(d) N is isomorphic to SL(2, 5),
(e) N $D8 b Q8 and G 0, l N S5 .
Note that 9 | |G0 | as there is an orbit of length 18, so that 9 | |G 0, l | by
Lemma 25. Hence the cases (1), (2.d), and (2.e) cannot occur. In case (2.a)
by Lemma 25, using Schur multipliers, we have that Sp (4, 3)<G0 . The
degree of a minimal non-trivial permutation representation of Sp (4, 3) is 27
[6]. Hence the representation of Sp (4, 3) on S18 is trivial. Then there are
planar 3-elements with more than 18 fixed components, a contradiction.
Thus the cases (2.a) and (2.b) cannot occur as SL(4, 3) contains Sp (4, 3).
So, the case (c) occurs and using again Schur multipliers we obtain
SL(2, 9)<G0 . K
Now we may prove the following
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Proposition 27. Let ? be a weak rank 3 plane with corresponding group
G in an extraspecial class. Then the possible orders of ? are 9, 25, or 49.
Proof. We already noted that R must be a 2-group. Suppose that ? has
order 34. Then G0 contains SL(2, 9) fixing a component by the previous
Lemma. By Corollary 12, ? could be only a Hall plane, but a Hall plane
has l-orbits of lengths 10 and 72. K
4.3. Flag-Transitive Non-solvable Rank 3 Planes. The affine planes ?
with a flag-transitive non-solvable rank 3 group G have already been deter-
mined in [2, 29] in a more general context. The same result for planes
directly follows from Liebeck’s theorem.
Theorem 28. A non-solvable flag-transitive rank 3 plane is
Lu neburgTits or Desarguesian of order 9.
Proof. We give a short proof. Let G be the corresponding non-solvable
flag-transitive rank 3 group. If ? has order pd2, then the non-trivial
subdegrees of G0 must be divisible by pd2+1. By a direct inspection of
Tables II, III and V we see that this occurs in the cases shown in Table VI.
The case (3) gives the LuneburgTits planes (see [31, Theorem 31.1]),
while the case (4) gives the Desarguesian plane of order 9 (see Section 4).
The case (5) cannot occur as a plane of order 8 is Desarguesian. Note that
in cases (6), (7), and (8), L does not admit any non-trivial transitive per-
mutation representation of degree 17, 28, and 126, respectively (see [9,
Table B.2]). In the case (1) we use [6] to see that the representation of
SUa(q) on l may be non-trivial only when a=3 and PSU3 (q) is induced
on l in its usual 2-transitive representation. Of course, this situation can-
not occurs (see [3, Chap. 5, Theorem 4.3.16]). Note that PSU3 (5) has a
representation of degree 50, but 50 |% 126, in contrast with the transitivity
of G on l . In the case (2) we infer directly from [6] that the representa-
tion of 0&2a(q) on l is trivial for a4. When a=2, 0
&
4 (q)$SL(2, q
2),
TABLE VI
Type of G pd Subdegrees
1 G0 i SUa (q) q2a (qa+1)(qa&1&1), qa&1(q&1)(qa+1), a odd
2 G0 i 0&2a (q) q
2a (qa+1)(qa&1&1), qa&1(q&1)(qa+1)
3 G0 i Sz(q) q4 (q2+1)(q&1), q(q2+1)(q&1)
4 L$A5<PSL(2, 9) 34 40, 40
5 L$A6<PSL(3, 4) 26 18, 45
6 L$PSL(2, 17)<Sp(8, 2) 28 102, 153
7 L$PSL(3, 4)<P0&(6, 3) 36 224, 504
8 L$J2<Sp(6, 4) 56 7560, 8064
224 BILIOTTI AND JOHNSON
but SL(2, q2) can occur only with a unique orbit on the non-zero vectors
in a Desarguesian plane of order q2, which is not the case. When a=3,
then 0&6 (q)$SU(4, q). Again by [6] the representation of 0
&
6 (q) on l
is trivial. This completes the proof. K
4. RANK 3 PLANES OF SPECIAL ORDER
4.1. Order 9. When the order is 9, the plane ? is Desarguesian or Hall.
Let G be the corresponding rank 3 group. When G is solvable there are
several examples of weak and flag-transitive actions on both planes. The
reader may refer to [13, 24]. Here we consider only the case where G is
non-solvable. If G is in an infinite class then either SL(2, 3) \ G0 or
G01L(1, 34). Thus G is solvable. If G is in an exceptional class, then
SL(2, 5) \ G0 with a unique possible action on V4 (3) with 2 orbits of
length 40. This action preserves both a Desarguesian and a Hall spread,
but while G is flag-transitive when acting in the Desarguesian plane
because G0 acts on the spread as on its Sylow 3-subgroups, G is a weak
rank 3 group with l -orbits both of length 5 when acting in the Hall
spread (see [13]). If G is in an extraspecial class, then G0 may be non-
solvable only when R I G0 with R$R22 $Q8 b D8 and G0 R contains A5 .
It is not difficult to prove that in this case ? is the Hall plane and G0 is
transitive on the non-zero points of ?. Hence G is not of rank 3.
Proposition 29. A non-solvable rank 3 plane of order 9 is either
Desarguesian and flag-transitive or Hall and weak with l -orbits both of
length 5.
4.2. Order 25. All the translation planes of order 25 have been deter-
mined in [7]. Assume that G is a non-solvable rank 3 group of ?. In
Theorem 14 we have already seen that if G is imprimitive, then ? must be
one of the exceptional Walker planes. The three Walker planes have
G0 -orbits on l of lengths (1, 25), (10, 16), and (6, 20), respectively (see
[39]). So, the only candidate is the Walker plane ?I with l -orbits of type
(1, 25).
Lemma 30. The Walker plane ?I is a rank 3 plane.
Proof. In [7, Table 1] there is only one plane with l -orbits of type
(1, 25), which must be ?I . The collineation group G0 has order 253 } 52. If
l is the fixed component, then the induced group G 0 has order 253 } 5 by
Lemma 13 and the fact that G 0GL(2, 5). By question of order
G 0 $GL(2, 5). Hence G0 is transitive on l. Let M be a component in the
orbit of length 25. Then G0, M has order 253 and acts faithfully on M as a
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homology with axis M and centre l & l requires the existence of an
elation group of order 25 with axis l by the transitivity of G0 on
l&[l & l], in contrast with Lemma 13. Since G0, M contains a Sylow
2-subgroup of GL(2, 5), it contains the centre Z of GL(2, 5) and hence it
is transitive on the 1-subspaces of M. Furthermore, G0, M Z$S4 , the
unique subgroup of index 5 of GL(2, 5), which is transitive on the set of
1-subspaces of M. Thus G0, M is transitive on M. This completes the proof. K
Now suppose that G is primitive. If G is in an infinite class then
SL(2, 5) I G0 and the l -orbits have lengths 6 and 20. If G is in an
exceptional class then the socle L of G0 Z(G0) is isomorphic to A6 and the
l -orbits have lengths 6 and 20. Lastly, if G is in an extraspecial class then
R I G0 for R$R22 or R
2
3 and the l -orbits have lengths 10 and 16. There
is only one translation plane with l -orbits of lengths 10 and 16 in [7,
Table 1]. This must be the exceptional Walker plane with l -orbits of
length 10 and 16, which is a non-solvable rank 3 plane as shown by
Ostrom in [39]. There are exactly three translation planes with l -orbits
of lengths 6 and 20 in [7, Table 1]. Those named S2 and B4 in the table
are the Hall plane and the exceptional Walker plane involving A6 , which
is also known as the Hering plane. The third, named A7 , cannot be non-
solvable of rank 3. Indeed it would be in an extraspecial class by Corollary
12, but this does not agree with the lengths of l-orbits. So, it remains
only to decide if the Hering plane is of rank 3.
Lemma 31. The Hering plane of order 25 is a non-solvable rank 3 plane.
Proof. Note that the 5-elements in G0 are quartic by Theorem 11. So
there are no affine elations. Let l be a component in the orbit of length 6.
The group G0 has order 26 } 32 } 5 [7] and by the lengths of l -orbits there
are no homologies of order 3 with axis l. Hence the kernel of the represen-
tation G 0, l of G0, l on l has order at most 2. Thus both 3 and 5 divides the
order of G 0, l . As G 0, lGL(2, 5), we have that SL(2, 5)G 0, l and G0, l is
transitive on l&[0]. Now let l be a component in the orbit of length 20.
Again by the lengths of l -orbits there is a homology group with axis l
of order at most 6. First assume that the homology group has order 6. It
is known that any homology group of order 3 } 2 is cyclic (see [31,
Corollary 3.5,(c)]). Hence, we have a homology group of order q+1 in a
translation plane of order q2 with kernel GF(q). It is known in this situation
that any component orbit is a derivable net (see Jha and Johnson [19]).
However, the Hering plane is not derivable since the corresponding spread
does not contain any regulus, as remarked by Czerwinski in [7, p. 134].
Thus the homology group with axis l has order 3 and G 0, l has order 24 } 3.
We note that the induced group contains the scalar group of order 4
which is transitive on the non-zero vectors of each 1-subspace of l.
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G 0, l acts on the set of six 1-subspaces as a subgroup of order 22 } 3 of
PGL(2, 5) acting on PG(1, 5). A subgroup of order 12 of PGL(2, 5) is
either A4 or the normalizer of a cyclic group of order 6 and both these
groups are transitive on the six points of PG(1, 5). So, the Hering plane of
order 25 is non-solvable rank 3. K
Hence, we have:
Theorem 32. Let ? be a non-solvable rank 3 plane of order 25 with
kernel K. Then one of the following statements holds:
(1) ? is Desarguesian,
(2) ? is Hall,
(3) ? is an exceptional Walker plane of order 25. Aut ? has a normal
subgroup isomorphic to D8 b Q8 and Aut ?(D8 b Q8) K$S5 . Furthermore,
Aut ? has infinite point orbits of lengths 10 and 16,
(4) ? is the likeable Walker plane of order 25, Aut ?=H0K with
H0 $5 } GL(2, 5) and Aut ? has infinite point orbits of lengths 1 and 25,
(5) ? is the Hering plane of order 25 admitting two groups isomorphic
to SL(2, 5), one irreducible and one reducible, Aut ? has infinite point orbits
of lengths 6 and 20 and Aut ?Z(Aut ?)&S6 .
For more information about the structure of Aut ? in the case (3) and
(5) one can see [39, 38], respectively.
4.3. Order 49. All the translation planes of order 49 have been deter-
mined in [5]. Assume that G is a non-solvable rank 3 group of ?. Then G
is primitive by Theorem 14. If G is in an infinite class, then we have already
seen that ? is Desarguesian or Hall with l -orbits of lengths 8 and 42. If
G is in an exceptional class then the socle L of GZ(G0) is isomorphic to
A5 and the G0 -orbits on l have lengths 20 and 30. If G is in an extraspe-
cial class, then R I G0 where R$R22 $Q8 b D8 , G0 R contains A5 and
the G0-orbits on l have lengths 10 and 40. Charnes and Dempwolff [5]
prove that there are 6 possibilities for a non-Desarguesian plane ? when G
is non-solvable. One of them has G0 -orbits on l of lengths 8 and 42 and
correspond to the Hall plane. Three of them have G0 -orbits on l of
lengths 20, 30 and correspond to a plane discovered by Korchmaros [27],
which is a rank 3 plane, and to the Mason’s planes [32] admitting
SL(2, 9), which cannot be rank 3 planes because of the structure of G0 .
The last two have G0 -orbits on l of lengths 10 and 40 and correspond to
the Mason-Ostrom plane [33], which is a rank 3 plane, and to a plane dis-
covered by Charnes and Dempwolff with the group G0 of order 25 } 32 } 5.
This last plane cannot be of rank 3 as 27 |% |G0 |, in contrast with the fact
that G0 R should contain A5 and |R|=25. Thus we have:
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Theorem 33. Let ? be a non-solvable rank 3 plane of order 49 with
kernel K. Then one of the following statements holds:
(1) ? is Desarguesian,
(2) ? is Hall,
(3) ? is the Korchmaros plane. Aut ?$SL(2, 5) H, where H is a group
of order 48 and Aut ? has infinite point orbits of lengths 20 and 30,
(4) ? is the Mason-Ostrom plane. Aut ?$H0K, where [H0 :
(D8 b Q8) SL(2, 5)]=2 and H0 (D8 b Q8)$S5 . Furthermore, Aut ? has
infinite point orbits of lengths 10 and 40.
From the work of Charnes and Dempwolff one can also infer the
following
Theorem 34. Let ? be a solvable rank 3 plane of order 49. Then ? is
either the Desarguesian plane, the nearfield plane, the exceptional nearfield
plane or the exceptional Lu neburg plane.
Indeed by [24, Lemma 4.8 and Theorem 4.2], any other hypothetical
solvable rank 3 plane of order 49 should have orbits on l of lengths 2
and 48. Now the lengths of l -orbits in any translation plane of order 49
have been determined by Charnes and Dempwolff and are available at the
ftp site indicated in [5]. Actually, there are exactly three translation planes
of order 49 with l -orbits of lengths 2 and 48 under the full collineation
group, which are forced to be the three non-Desarguesian planes given in
the theorem.
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